The possible ground state spin configurations of an Ising model on a plane triangular lattice are investigated. The model incorporates competing interactions between spins at nearest and next-nearest neighbour sites as well as a coupling between three spins at the vertices of a nearest-neighbour triangle, and an external magnetic field. Models of this type are frequently used to describe the structures of adsorbate layers on hexagonal substrates. The analysis is based on linear inequalities involving the magnetization, twoand three-spin correlations, and on simple convexity arguments. Part of the inequalities needed are proved with the aid of a computer. For vanishing three-spin coupling the results of earlier studies are confirmed; in addition, the resulting seven topologically distinct structures are shown to be unique. Two of these structures are energetically degenerate; the degeneracy cannot be lifted by any further two-spin interaction. For nonzero three-spin coupling only an "almost complete" solution is given, involving four additional spin configurations. The "ground state phase diagrams" are discussed.
I. Introduction
The Ising model on a triangular lattice has attracted the interest of physicists for two main reasons. From the point of view of theoretical statistical mechanics it has provided an early example [1, 2] of a system exhibiting macroscopic ground state degeneracy (violation of Nernst's theorem) due to what is nowadays called "frustration". In the field of solid state physics, on the other hand, the lattice gas version of this system has been used to describe the behaviour of submonolayers of adsorbate particles on substrates of hexagonal symmetry, e.g. the basal planes of graphite (cf. e.g. [3, 4] ), and of intercalant layers in graphite intercalation compounds [-5] .
In the context of adsorbed layers, the influence of the crystalline substrate is reduced to the existence of a two-dimensional lattice of adsorption sites, and adsorbate-substrate interactions are summarized in a single binding energy. The interaction energy between adsorbate atoms is assumed to vanish except when atoms are adsorbed at near-neighbour sites. There remain only a few parameters describing the system. These parameters, however, are very difficult to calculate due to the complex many-body nature of the original problem. Consequently, it is common practice to follow the alternative way of performing model calculations and comparing the results to experimental findings in order to estimate effective interaction parameters. Due to effects of competition between different forces, interactions of relatively short range suffice to create surprisingly complex structures. (Cf. e.g. the large unit cell ground state structures shown to exist in the square lattice [6] [7] [8] or even the infinite sequence of ground state structures reported for the honeycomb lattice [9] , with pair interactions up to third neighbours in both cases.) One might thus try to achieve a rough phenomenological explanation of the rich variety [10] of ordered structures in adsorbate layers in terms of simple universal models.
Lattice gas (or Ising) models on a triangular lattice have been studied very often and by various methods. Without attempting to be complete, we mention some of the relevant references. In [1, 2] , thermodynamic functions of the m'odel with only nearest neighbour interactions (without external field) were calculated exactly, yielding a finite zero-temperature entropy for antiferromagnetic coupling. Monte Carlo simulations were performed for the nearest-neighbour antiferromagnet in an external field [11] and also for the more complicated case involving an additional next-nearest neighbour interaction [12, 13] . This model (including interactions between nearest and next-nearest neighbours and an external magnetic field) was also treated by approximations of the molecular field type [14, 15] and (for zero field) by the interface method [16] ; see [17] for the method. A model without next-nearest neighbour coupling, but with a three-spin interaction on a nearest-neighbour triangle was treated by real space renormalization [18] ; the model with only three-spin interactions is exactly solvable [19] . If the nearestneighbour interaction is antiferromagnetic (or repulsive, if we use the lattice gas language) and much stronger than the other interactions, as is the case for the adsorption of krypton and xenon on graphite, the lattice gas model may be mapped onto a three-state Potts model and treated by real space renormalization group methods [20] (see also [4] for further references on the use of Potts models in the context of rare gas submonolayers on graphite).
The rigorous determination of possible ground states of models with competing interactions is important as a complement to both mean field calculations (which become notoriously difficult in the presence of competing interactions) and Monte Carlo simulations (which become notoriously difficult at low temperatures). Furthermore a knowledge of possible ground states is helpful in guessing at the nature of phase transitions and in constructing reliable mean field approximations or renormalization group transformations.
It is to be expected that adding any further interaction (or an external field) to an antiferromagnetic nearest-neighbour interaction on the triangular lattice will destroy the infinite ground state degeneracy. However, the competition between nearest and next-nearest neighbour antiferromagnetic interactions might still lead to interesting effects, as each of these interactions leads to an infinitely degenerate ground state if taken by itself. (Note that the lattice may be decomposed into three triangular sublattices of next-nearest neighbour sites.) The first attempt at a complete determination of all ground state structures of a triangular model with interactions up to next nearest neighbours and an external field was made by Metcalf [21] with the help of Monte Carlo simulation. This author in fact found all possible ground state configurations except one. Kaburagi and Kanamori [22] used "geometrical inequalities" (to use their own terminology) to derive the complete set of ground states; their method is explained (and applied to one dimensional and simple cubic systems) in [23] . The work of Kaburagi and Kanamori on the ground states of this and various other lattice gas models is reviewed in [24] . Kudo and Katsura [25] clearly pointed out the important role convexity plays in this method and treated three-dimensional hexagonal close-packed and honeycomb lattices (with interactions up to second and up to third neighbours, respectively). Tanaka and Uryfi [26] introduced bond variables indicating the relative orientation of two adjacent spins and determined the ground state configurations of the triangular model with interactions up to second neighbours (but without magnetic field). In [27] Kaburagi and Kanamori extended the problem treated in [22] by adding an interaction between third neighbours and derived a large number of different structures. Some of these structuresl however, could not be rigorously confirmed as ground states.
In the present paper, we study the ground state configurations of a model with an external magnetic field, two-spin interactions between nearest and nextnearest neighbours, and a three-spin interaction between sites at the vertices of a nearest-neighbour triangle. We use the method developed in [7] (which is closely related to the one used in [22] , as improved in [25] ), characterizing a spin configuration by the values of a few macroscopic parameters, namely the magnetization and some near-neighbour correlations, and deriving linear inequalities between these quantities. These inequalities define a multidimensional convex polyhedron (a simplex) in the space of macroscopic parameters, and the corners of the simplex correspond to ground state configurations.
In Sect. II we shall treat the case of vanishing three-spin interaction. We shall give very simple derivations for a set of inequalities which suffice to determine all possible ground state configurations for this case. Of course the resulting configurations (essentially there are seven different ones) are those already given in [22] , however, we are able to show that these configurations are uniquely determined by the values of the macroscopic parameters mentioned above. We thus know that there are no degeneracies between structures of different superlattice cell sizes, except at "phase boundaries" in the "ground state phase diagram" and except for one region of coupling parameter space where two degenerate configurations coexist. The degeneracy between these configurations cannot be lifted by any two-spin interaction.
The case of nonvanishing three-spin coupling is treated in Sect. III; it turns out to be considerably more complicated than the problem treated in Sect.
